A new analytical, energy based approach is described that predicts the harmonic vibration response of a damped beam with multiple viscoelastic patches. Each damping patch consists of a metallic constraining layer and an adhesive viscoelastic layer with spectrally-varying material properties. Since this approach relates all deformation variables in various layers, only flexural shape functions need to be incorporated in the complex eigenvalue problem. Consequently flexural, longitudinal and shear deformation eigenvectors can be calculated. In particular, the shear deformation modes of the viscoelastic core provide useful information regarding the effect of patch damping. The proposed method has been validated by comparing predictions with modal measurements and with those published in the literature. Also, an estimation technique is developed that determines the shear modulus and loss factor properties of two different viscoelastic materials used in experimental studies. An uncertainty study is also performed to establish the error bounds of the estimated material loss factors. Effects of patch boundary conditions, patch cutouts and locations, and mismatched patch combinations are analytically and experimentally examined.
INTRODUCTION
Elastic beams with constrained layer viscoelastic material have been analyzed by many investigators, as evident from the studies described in two books on vibration damping by Nashif et al. [1] and Sun and Lu [2] . However, much of the prior work has been limited to full coverage, i.e., viscoelastic material added to one or both sides of the beam in a uniform manner. Conversely, only a very few publications have dealt with partially covered sandwich beams [3] [4] [5] [6] . Nokes and Nelson [3] were among the earliest investigators to provide an analytical solution to the problem of a partially covered sandwich beam. In their formulation, damped mode shapes are assumed to be the same as the undamped eigenvectors, and the modal loss factor was calculated as the ratio of energy dissipated to the total modal strain energy. A more thorough analytical study was carried out by Lall et al. [4] . In their Rayleigh-Ritz approach, both flexural and longitudinal shape functions were incorporated in the eigenvalue problem for a beam with a single damping patch.
In practice, non-uniform and/or partial damping treatment is necessary because of material, thermal, packaging, weight or cost constraints. And in some applications multiple damping patches at selected locations are more desirable. None of the mathematical models, as available in the literature, appears to be directly applicable to this problem. Consequently a clear need exists for a more refined analysis which this article attempts to fulfill. Specific objectives are as follows: (1) develop a new analytical method that considers flexural, longitudinal, rotational and shear deformations in all layers of the sandwich beam, (2) verify the method by comparing results for a single patch with those reported in the literature by Lall et al. [4] and Rao [7] , (3) estimate the unknown material properties of viscoelastic material used in the experimental study, (4) validate the method further by comparing predictions with modal measurements on beams with two mismatched patches, and (5) finally examine critical issues such as the patch boundary conditions, a discontinuity in the material (cutout), and mismatched patch combinations. The method is first described for both thin and thick beams where motion variables for all layers are expressed in terms of the flexural displacement of the base structure (i.e., beam). Then the formulation is reduced to a thin beam by employing a Rayleigh-Ritz minimization scheme and an eigenvalue problem of dimension n is obtained where n is the number of admissible functions. This formulation facilitates efficient calculations of various modal deformations in all layers. It should also lead to an improved understanding of damping system designs.
ANALYTICAL FORMULATION

 
The structure of interest is shown in Figure 1 , where N damping patches are attached to the base structure (an elastic beam designated here as layer 3). Each patch p of length l p is located at x p . Layer 1 is a metallic layer while layer 2 is an adhesive capable of dissipating vibratory motions. The viscoelastic nature of the second layer is assumed to be linear and frequency dependent. The complex-valued Young's modulus (E ) and shear modulus (G ) of the viscoelastic material in patch p are represented by where i = z−1, h p 2 is the material loss factor and v is the frequency in rad/s. Note that each patch p may be different in size and material properties.
The scope of this article is limited to the harmonic vibration analysis of a sandwich beam, as shown in Figure 1 , with arbitrary boundary conditions. One section of the beam is illustrated in Figure 2 with all relevant variables specified including flexural (w) and longitudinal (u) displacements as well as rotary (c) and shear angles (g). However, shear deformations in elastic layers (layers 1 and 3) will be ignored in section 3 for the sake of simplification. 
Note that r 
Here D is the differential operator matrix defined as
where k is the shear correction factor. The real-valued kinetic energy of the system (T) due to flexural, longitudinal and rotary motions is expressed as
where
- 
To implement the Rayleigh-Ritz minimization scheme, the flexural displacement of the beam w is approximated as
T is the generalized displacement vector of the system and If these unknowns were to be approximated with n trial functions and to be incorporated in the Rayleigh-Ritz minimization scheme, the resulting eigenvalue problem would be of dimension n(4N + 3). An alternative is to assume relationships between these unknowns; that is, for each flexural admissible function f k (x), the corresponding rotational shape functions j p 1,k (x), j p 2,k (x) and j 3,k (x) as well as the longitudinal shape functions w p 1,k (x), w p 2,k (x) and w 3,k (x) can be calculated by using these relationships, which will be derived in section 3. With the above assumption, deformation vectors can be expressed as
, and S 3 are admissible shape function matrices defined as and j
, are the corresponding rotational shape function vectors while w 3,n ] are the corresponding longitudinal shape function vectors. Using equation (9) , the strain and kinetic energies can be written as
where the frequency dependent complex-valued stiffness (K ) and real-valued mass (M) matrices of the system are
The frequency dependent complex eigenvalue problem of dimension n can be obtained as
Several approaches are available in the literature [9, 10] for solving eigenvalue problems of non-proportionally damped systems with frequency dependent parameters, whose eigenvalues and eigenvectors are complex-valued. Using the method of Rikards et al. [10] , undamped natural frequencies (v r ) and composite modal loss factors (h r ) are related to the complex-valued eigenvalues l r of equation (13) in the following manner where r is the modal index: 
ADMISSIBLE FUNCTIONS FOR THIN BEAMS
In section 2.3, the fundamental relationships between all 4N + 3 unknowns are assumed in order to obtain an eigenvalue problem of dimension n. This section explicitly shows these relationships by deriving the corresponding shape function of each unknown for a given admissible flexural function. For the sake of simplification, only thin elastic layers (1 and 3) are assumed. The following two steps are involved in the variable reduction procedure. First, the classic sandwich beam theory [7] is employed along with the thin elastic layer assumption to reduce the number of unknowns to N + 2. Second, a secondary
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Comparison between Rao's published [7] and proposed methods. See Table 1 minimization scheme is used to further reduce the N + 2 unknowns to one flexural shape function vector 8.
       
Kerwin's weak core assumption [8] is applied to longitudinal shape functions w
Integrating both sides with respect to x, the following expression is obtained:
where e p = E 3 A 3 /(E 
Substituting equation (16) 
For a beam with thin elastic layers whose shear deformations g p 1 and g 3 are ignored, rotations of layer 1 and layer 3 are the same as the slope of the beam,
To reduce the 4N + 3 unknowns to N + 2, define transfer matrices V 1 , V 2 and V 3 as
where transfer matrices V Also, the reduced admissible shape matrices F p and F of equation (24) are defined as
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Benchmark results for cantilever beams
where p remains undetermined until the secondary minimization scheme is used. The issue of patch boundary conditions will be further examined in section 5.1.
       
Recall that the number of unknowns has been reduced from 4N + 3 to N + 2 for the kth admissible function set in matrices F p and F. These N + 2 unknowns are flexural shape functions f k , longitudinal shape functions for the base beam w 3,k , and the constants d p k . Since no explicit equations are available to relate these unknowns, a secondary minimization scheme is implemented. First, each admissible function w 3,k is approximated as
where c k is a coefficient vector to be determined and x is the row trial function vector whose terms satisfy essential boundary conditions. The real part of total strain energy of the beam (U k ) experiencing the deformations of the kth of admissible function set F p k and F k can be expressed as 
is the effective stiffness at any v of interest and q k is the corresponding generalized displacement. Note that in the above analysis the imaginary part of the complex-valued stiffness is ignored because only kinematic relationships are of interest. By substituting equations (25-27, 29) into equation (28) and minimizing U k with respect to coefficients of c k and d k , where
T , the set of governing equations can be summarized in matrix form as
where Submatrices of A and sub-vectors of B k are obtained as follows: Figure 9 . Frequency dependent material loss factor h2 for layer 2 of patch A. Key: -w-, assumed mean; ---, upper limit; · · ·, lower limit. 
and the spatial operator q p is defined as
The coefficients c k and d k of C k can be calculated by
provided =A= $ 0. As a result, reduced admissible shape matrices F p and F can be determined for a given flexural shape function vector 8.
COMPARISON WITH LITERATURE
To validate the proposed formulations, two specific examples found in the existing literature are analyzed first. Table 1 summarizes the system parameters that were used by Rao [7] and Lall et al. [4] . For the present study, analytical solutions are obtained by using Rao [7] studied a clamped-free beam with a full damping treatment on one side of the beam. The viscoelastic material has a fixed boundary condition at x = 0. He found the exact solution only for the first mode. Additionally, the first three natural frequencies and modal loss factors were calculated by using an approximate formulation [7] . It is seen in Table 2 that the results obtained from the present method are very close to the exact solutions given by Rao. Reasonable agreement is also seen with Rao's approximations.
Lall et al. [4] analyzed a simply supported beam with a single patch. The following parametric studies were carried out: coverage ratios l p /l = 20, 40, 60 and 100%; patch locations x p /l = 0·1, 0·2, 0·3, and 0·5 respectively. Comparisons of Table 3 show an excellent match between Lall's and the present method. Such results are expected since both methods are based on the Rayleigh-Ritz approach. Chief advantage of the proposed formulation, however, is the ease with which mode shapes for all types of deformation in any layer can be visualized. Figure 4 shows the first three flexural modes of the beam as well as the corresponding longitudinal modes of layers 1 and 3, and shear mode of layer 2 for Rao's example [4] .
EXPERIMENTAL STUDIES
In order to further verify the analytical model as well as to investigate various phenomena associated with patch damping, modal tests are carried out on a cantilever beam made of mild steel (Table 4) . A periodic ''chirp'' as generated within the signal analyzer is fed to a non-contacting magnetic transducer that excites the beam at the free end, as shown in Figure 5 . Structural response is measured via a compact accelerometer (of weight 1 g) near the root. Sinusoidal transfer functions are then obtained. No calibration is necessary since only frequency measurements are needed. First five natural frequencies ( f r ) and modal loss factors (h r ) are then extracted using the half-power bandwidth method [1] . Two types of damping treatment (designated here as Patches A and B) with material properties and layer thickness as specified in Table 4 are applied in these studies. However, the material properties of the viscoelastic core are not available. Therefore, a process for estimating the material properties must be developed before analyzing the damped beam structure. An uncertainty study is also carried out to establish error bounds for estimations. Finally, the procedure used for obtaining normalized expressions is explained in this section.
  
A material property estimation technique is employed by combining analytical predictions and measured modal results. Of interest here are the properties of layer 2: G 2 and h 2 since layers 1 and 3 are made of well-known steel. The following procedure is demonstrated with Patch A as an example:
(1) Choose one example and perform an experiment. The example case is a cantilever beam with full damping treatment on one side and free patch boundary at x = 0 as shown in Figure 6 (a). Natural frequencies and modal loss factors for the first few modes are then obtained as listed in Table 5 . (2) Develop f r -G 2 relationships where f r = v r /2p is the natural frequency in Hz. With the material loss factor h 2 taken as zero, the analytical model is used to predict the variation in f r over a range of G 2 values. A general trend of this relationship can be seen in Figure 7 , where three distinct regions are observed: very compliant, transition and very stiff. These are similar to those reported in beams with joints [12] .
(3) Given measured f r results, find shear modulus G 2 from the graphs. In Figure 7 , a horizontal line is drawn at the measured frequency for each mode. A cross mark represents the intersection of this line and the f r -G 2 curve; this yields G 2 at that frequency. Note that in Figure 7 (a), no intersection is found because the measured value is less than the low frequency asymptote of the curve. This is because of the non-ideal clamping boundary conditions [13] , which especially affect mode 1. Therefore, mode 1 is excluded from the shear modulus estimation procedure. Figure 7(b-e) show similar G 2 values over the range of interest. For this particular case, it is safe to assume a spectrally invariant G 2 , as listed in Table 4 .
(4) Develop h r -h 2 relationships and estimate the material loss factor of layer 2 as a function of frequency. With the assumed G 2 or G 2 ( f ), the analytical model is again used to predict a general relationship between h 2 and the modal loss factors h r of the sandwich beam. In Figure 8 , such h r -h 2 relationships are compared with the measured modal loss factors. Again, each cross mark indicates the h r value. As a result, a frequency dependent relationship is obtained for the viscoelastic core of Patch A that is curve fitted to yield: With given material properties as listed in Table 4 , a specific eigenvalue problem may be constructed for each mode with a particular h 2 value at the natural frequency. An iterative procedure is obviously needed for obtaining eigensolutions [9] . Nonetheless, despite their frequency dependent nature, the material loss factors are assumed to be invariant in the immediate vicinity of an eigenvalue to avoid any iteration [10] . Experimental results that will be reported in the next section validate this assumption. Also note that the analytical formulation is again used with 20 admissible functions and 20 trial functions for all example cases.
   
The determination of h 2 is a key to the success of analytical method of the article. However, modal measurements used for the estimation procedure are affected by many factors including inherent beam damping, microscopic friction at the root and non-perfect bindings between layers. In practical structures a significant variation in measured h r values may be seen. To examine such uncertainties, a 220% tolerance in the damping measurement is assumed. The upper and lower bounds of h 2,A ( f ) due to this tolerance are shown in Figure 9 . These values are applied to the case of Figure 10(a) , where a single patch is applied to the cantilever beam from x = 0·3l to l. A comparison of predicted and measured modal loss factors is shown in Figure 10(b) . Note that the error bars on predicted h r indicate the uncertainty associated with the h 2,A ( f ) estimation, while the error 
 
Often it is desirable to express modal results in normalized forms. For example, the loss factors of a beam with patch damping (h r ) may be normalized with respect to the case where the beam is fully covered with a viscoelastic material (h r,full ):
in which both values are either predicted or measured. This normalization (given by superscript g
) can be used to describe the effectiveness of the patch damping concept. Similarly, natural frequencies may be normalized as follows to indicate the mass loading effect
However, since different types of patches and boundary conditions will be discussed later, it is more appropriate to use a single set of measured results throughout the article as the base for normalization. The resulting normalized natural frequency v r and modal loss factor hˆr are defined here as Small cutout of Figure 14 where subscript b refers to the measured results of a benchmark case: a cantilever beam with full material A damping treatment and free patch end at x = 0 as shown in Figure 6 (a). Yet another expression is used to describe the dimensionless eigenvalue by assuming the damped structure to be an undamped Euler beam. This eigenvalue parameter (b r l) 2 is defined as
Measured and predicted modal results for the benchmark case as well as the baseline beam (i.e., undamped beam without any damping patch) of Figure 6 are listed in Table 5 . Measurements show that fairly high inherent damping is present in the first mode of the baseline beam. This may be the result of a non-ideal clamping condition at x = 0. Consequently, some caution must be exercised when examining the damped beam results especially at the first mode. 6 . RESULTS AND DISCUSSION
   
A cantilever beam with a damping patch embedded into the fixed boundary at x = 0 is said to have a fixed-end patch ( Figure 3 ) as opposed to the free-end patch where the material is unconstrained at x = 0. Practically, this boundary condition is achieved by clamping the patch along with the beam at the root. Analytically, a fixed patch end is simulated by forcing the column vector d p to be zero as described in section 3. Measured and predicted modal characteristics are then normalized and compared with the benchmark case (free-end patch) as shown in Figure 11 .
Both measurements and predictions indicate that natural frequencies and loss factors of the beam with fixed-end patch are much higher than those of the beam with a free-end patch, especially for mode 1. Nearly coincident flexural mode shapes (Figure 12 ) of these two cases, as predicted by analytical models, provide little explanation for this. However, a closer examination of the shear deformation mode shapes of layer 2, as seen in Figure 13 , yields very distinct characteristics between these two cases. The fixed-end patch, acting as an additional constraint, causes the natural frequencies to increase and forces the deformation g 2 to be zero at the root. This constraint also results in a higher g integrated over the patch length, which implies more energy dissipation. This discrepancy in shear deformation mode shapes is very noticeable for mode 1, but not as significant for modes 2 and 3 as shown in Figure 13 .
     
A cutout, no matter how small it is, essentially creates a beam with two distinct damping patches. Resulting modal characteristics are investigated by using two example cases. Figure 14 (a) shows a cantilever sandwich beam with a small cutout (with 3% of beam length) located at 0·3l from the root (x = 0). Figure 15(a) shows a similar beam except that the cutout is 30% of the beam length but still located at 0·3l.
Measured and predicted eigenvalues and modal loss factors are normalized and plotted in Figures 14 and 15 . It is observed that the small cutout case yields more damping than the large cutout one, as one would intuitively expect. A higher flexural amplitude is found near the cutout location of the large cutout case, especially for the third mode (Figure 16 ). Figure 17 shows shear deformation mode shapes in the core material. Note that a higher g 2 2 value, when integrated over the patch length, indicates increased energy dissipation.
Parametric studies are carried out analytically in order to further investigate the effect of cutout size and cutout location. Figure 18 shows normalized loss factors of the first three modes for a sandwich beam with a 3% cutout at various locations x p /l. It is seen that the loss factor value is very sensitive to the cutout location, especially for lower modes. Modal loss factors as affected by cutout size with a given cutout location (0·3l from the root) are plotted in Figure 19 . Again, a monotonic decrease in h r is observed as the cutout size is increased.
    
A cantilever beam with two mismatched patches is examined by using three example cases, as shown in Figure 20 , to see whether the damping patches introduce damping in an additive manner. A beam with a single Patch A of length 0·14l located at 0·2l from the root is designated as Case A, and a beam with a single Patch B of 0·22l at 0·7l from the root as Case B. Then both patches A and B are applied simultaneously; this is designated as Case C. Measured and predicted eigenvalues and loss factors are normalized and listed in Table 6 . Flexural displacement mode shapes are shown in Figure 21 .
A simple additive effect in modal damping can be expressed as
where subscripts A, B and C are the case designations defined earlier.
According to the analytical model, equation (40) may not work since the resulting mode shapes are not the same because of the mass loading effect. Therefore, a modified expression is introduced to describe the additive effect as
where a r and b r are the weighting factors for mode r. Note that a r and b r are obtained analytically and sample values are listed in Table 7 . It is seen that a r 3 1 and b r q 1. This indicates that Patch B provides more damping in Case C than it does in Case B. This may be explained by looking at the shear deformation mode shapes of layer 2 in Figure 22 , where g 2 of Case C has higher absolute values in the Patch B region than that in the Patch B region of Case B. 3·5  1·6  23·8  2  21·7  21·5  0·0  0·6  3  58·9  58·2  1·1  1·5  4  115·1  113·7  4·1  3·2  5  193·5  189·0  4·7  3·2 (b) Beam with Patch B (Case B)  1  3·4  3·1  0·3  14·7  2  22·0  22·0  2·4  2·6  3  61·3  61·7  6·6  5·7  4  119·3  117·8  5·6  5·5  5  195·2  188·1  3·2  3·2 (c) Beam with Patches A and B (Case C)  1  3·4  3·2  2·0  26·4  2  21·8  21·6  2·9  2·6  3  59·1  58·8  9·2  6·6  4  114·3  113·8  12·5  8·8  5 189·2 184·7 8·8 5·5 Additionally, the issue of inherent damping in the experimental study needs to be resolved. Measured modal loss factors are considered to have contributions from inherent damping of baseline beam and applied patch damping, i.e., (Table 7) and then with a r = b r = 1. Both sets of estimations (weighted and simple additive) are then compared with measured results of Case C. 1  23·8  23·9  26·4  2  2·8  3·2  2·6  3  6·8  8·0  6·6  4  8·3  10·9  8·8  5  5·8  6·6  5·5 7. CONCLUSION This paper presents a refined method for analyzing the harmonic response of beams with multiple constrained-layer viscoelastic patches. Initially the method is developed for thick beams, but subsequently it is restricted to thin beams. The classic sandwich beam theory and a secondary minimization scheme are employed to derive kinematic relationships between flexural displacement and other deformations in all layers. This approach requires the inclusion of only flexural shape functions in the complex eigenvalue problem. Nonetheless, eigenvectors can be related to flexural, longitudinal and shear mode shapes, some of which can not be experimentally measured. Most important of all, the knowledge of shear deformation modes in the viscoelastic core provides an improved understanding of the effect of patch damping.
The proposed model can be applied to either fully or partially covered sandwich beams. It is successfully validated by comparing results with the examples described by Rao [7] and Lall et al. [4] . Several damping configurations are then experimentally and analytically studied. Excellent agreement between theory and experiment is seen for all examples. Some important patch damping issues have been clarified especially through an examination of modal deformations. In order to identify the unknown properties of the viscoelastic material used in this article, an estimation procedure has been proposed. The frequency-dependent material loss factor and stiffness are estimated by combining analytical parametric studies with modal measurements from beam tests. An uncertainty study has also been carried out to establish the error bounds of these estimations.
Future work will extend this formulation to thick beams and plates. Important design issues, including the optimization of patch patterns for improved damping performance, also need to be investigated.
